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ABSTRACT: A production inventory model is formulated for a single item. Here, demand varies with the on-hand
inventory level and production price. Shortages are allowed and fully backlogged. The time gap between the decision
and actual commencement of production is termed as “preparation time” and is assumed to be crisp/imprecise in nature.
The set-up cost depends on preparation time. The fuzzy preparation time is reduced to a crisp interval preparation time
using nearest interval approximation and following the interval arithmetic, the reduced problem is converted to a multi-
objective optimization problem. Mathematical analysis has been made for single objective crisp model (Model-I).
Numerical illustration have been made for both crisp (Model-I) and fuzzy (Model-I1) models. Model-1 is solved by
generalized reduced gradient technique and multi-objective model (Model-11) by Global Criteria Method. Sensitivity
analysis have been made for some parameters of Model-1.
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I.INTRODUCTION

The production inventory model for a single item,is studied. In classical Inventory Models demand is normally
assumed to be constant or known advance practically ,due to market competition demand is not known as a fixed one
with respect to a seller. More over demand of an item depends indirectly with the unit production cost because the
production cost fixes selling price. Existence of Lead-time is a natural phenomenon So far, most of the researchers
have dealt with either constant or stochastic lead-time. For the first time, Mahapatra and Maiti [6,7] formulated and
solved production inventory models for a deteriorating/breakable item with imprecise preparation time. Shortages are
allowed and backlogged fully. Preparation time in production of the new consignment is allowed and crisp/fuzzy in
nature. The setup cost is dependent on preparation time. The crisp problem for minimizing average inventory cost is
solved by generalized reduced gradient method. The problem minimizing average total cost with fuzzy preparation time
is converted to a multi-objective minimization problem with the help of interval arithmetic .Then it is solved by global
criteria method to get the optimal solution. Mathematical derivation and analysis also have been made for both single
and multiobjective models. Further, the sensitivity analysis is included and two numerical illustration are provided.

II.LFORMULATION OF THE MULTI-OBJECTIVE PROBLEM

A general non-linear objective function with some interval valued parameters is of the following form:

K n a..
Mminz (x)= . G | % '
i1 j1

Subject To Constraints

(1)
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Y AX; <B;, x>0,(j=120... n)s X= (X0 Xy pererreenn X ) @)

i=1
where C; =[c, ,Cr, ] A =[ay, ,ag,] ,B=[ by, ,bg]

If the right and left limits of the intervals Z(x) are Zz(x),Z.(x) and center Z. (x) respectively ,then the objective
function of the problem (1) may be elicited as ,

k n a.. k n a..
2:00=Y.C.TTx ¥ zu0= Y CTTx " Ze (0= [2e 00 + 2,001
i-1 j=1 i-1 j=1

Thus the problem ( 2) is transformed into
Min{ZRr ZC}
subject to constraints

Kk
DAL X <bg
i=1

K
YA X;<by X >0, (j5 120 DIEST O ST X.)
i=1

The Nearest Interval Approximation

A fuzzy number center approximated by crisp quantity .Suppose A and B are two fuzzy number with a -cuts are
[AL(a), Ag(e)] and [By (a), Br(a)].
Then the distance between A and B is given by

d(AB) = J Jy (AL (@) = By (@))?da + [/ (Ag (@) — Br())?dar )

Let A be a fuzzy number a closed interval c4(A ) which is nearest to A with respect to metric d is given by

(€a(A))o= [cr(@), cr(a )] .Then using the equation ( 3)

dAcq®)) = J Jy (AL (@) = Cy(0))2da + f, (A (@) — Cg(a))2da (@)
with respect to ¢;, and cg

In order to minimize d(A,c4(A)) it is sufficient to minimize the function

D (C,Cr) =(d*(A,ca(R))

3D(6C([;,CR) =_2 folAR((x)da + 2Cx 5

R

ID(CLCR) _ —2f1AR((x)d(x + 2Cx o
dCr 0

Solving 2L — g | LW — g
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Using the equation (5) and (6) yields ,
CL*:folAL((x)d(xand CR*:folAR((x)d(x

2 * ¥ 2 * *
Since L) = > o, BLLIR) =5 5 g

aC> ACRr?
* * * 2
aD%(CL .CR") aD?(CL .CrR") (dD3(CL .CR")
H * Y — ) — 4 > O
(C.'\Cr) ac? aCR? acy, .ICR

so D(Cp,Cr)ied (Acy(A)) is global minimum .Therefore, the interval

ca(R) = [y Ae)de, f, Ag(eded]
is the nearest interval approximation of fuzzy number A with respect to metric d.
Let A=(a;a;a;) be fuzzy number. The a level interval of Ais defined as (A)_ = [A;(a), Ap(c)] .

When A isa Triangular fuzzy number. ThenA;(a) = a,, a(a,_a,) and Ag(a) = as, a(as_a,)
By nearest interval approximation method lower and upper limits of the interval are respectively calculated as follows :

CL = folAL((x) da
= fol[a1 +a(az-a;) 1 ()da
=8, fol da + (az-a;) fol ada = %(az +a,)
Ck = folAR((x) da
= fol[as+ a(az-az) ] ()da
=a, [ da+ (as_a,) [ adat
= % (az +a3)

Therefore ,interval number considering A as a Traingular fuzzy number is [(31:—”) (azng)] .

IH1LASSUMPTIONS AND NOTATIONS FOR THE PROPOSED MODEL

The following notations and assumptions are used in developing the model.

Assumptions :
e Production system involves only one non-deteriorating item.

Shortage are allowed and fully backlogged

[ ]
e Time horizon is infinite.
Notations :
e qg(t) :Inventory level at any time t.
e Q,,(Q,):The maximum inventory (shortages ) level in a cycle
e L: Preparation time for the next production which is a fuzzy number
o C, : Setup cost which is of the form C; = C5, —C5,L7Y
e p : Production cost per unit item.
e D : Rate of Demand which depends on production price
_ 1-8) ;
and stock i.e., D(p,q) = {p s(_2+ bg B)_'f q>0
ap ifq<oO
wherea,b are positive real constants.
o t, : cycle length of a cycle.
e C : Holding cost per unit per unit time.
e (C, . Shortage cost per unit per unit time.
o t' : Reproduction time i.e., time when production for next cycle is decided.
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o K : Production rate which is of the form K=uDand p > 1
IV. MATHEMATICAL FORMULATION

Production Inventory System involves only one time a cycle start with shortages at time t = 0 and at time t;
maximum shortages level Q, is reached and at that time production process starts to backlog the shortage quantities
fully and after time t, the shortages reached to zero. Inventory accumulates up to time t;of amountQ,, .At that time
production process stopped ,accumulated inventory declines due to demand and reaches to zero at time t,, .

Inventory

Fs

R —————-

Figure (4.1) Inventory begins with backlogged shortages and end with no inventory .
The differential equation governing the stock status of this model are derived as follows :

-D ifo<st<st,
dg _ JK-D ift,<t<t, @)
Gt |K-Dift,<t<t

-D ift;<t<t,
with the boundary condition q(t; ) = q(t, )=q (t,) = 0 These equations can be written in the following forms .

If—ap—s fost<t,
dg  _ (u—21ap—¢ ifty, <t<t, @®)
dt | =Dp=(a+bgtP)ift, st<t;

(—p~% (a+ bg'*) if t; <t<t,

for simplicity take B = 0, solving first and second equations of differential equation (8) in the intervals 0 <t <t,
and t; <t <t, respectively with the help of the boundary conditions q(t;) =0 =q(t,) we get

(t) = { —ap~tt from the first equation of (8)
qt= —(n—Dap~#(t, —t) from the second equation of (8)
—ap~tt from the first equation of (8)

Q = {—(u —1Dap~®(t, —t)  from the second equation of (8)
soattime t=t,
—ap~°ty —(n—Dap~t, + (p— Lap~*t,
—ap~*t; — (n — Dap~*t; = —(p—Dap~*t,
ap*t;(-1—p+1) —(u—1ap~*t,
ut, =(p-10t, (9)

Similarly solving third and fourth differential equations of in the interval
t, <t < tjandt; <t <t, respectively with the help of the boundary conditions g(t,) =0 =q(t,) .Then
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Sl — 1) from the third equation of (8)
q(t) = %{ebp_S(to_t) -1} from the fourth equation of (8)

—{ex(ts—t2) — 1} from the third equation of (8)

{ePP™*(to=t3) — 1}from the fourth equation of (8)

wherex =(p—21)bp~® at timet =t4
%{ex(t;,»—tz) ~1} = %{ebp_s(to—t;,») ~ 1}
t5 :%"+ t, using the relation (8)
Total Shortage cost (S¢ ) is given by
S¢ =-c,[ J;"adt+ fZq(0)dt]
=2c,ap~t, % +2¢, (n— Dap5(t; — ,)?
Wheret, =L+t t, =F“1t1, t, = %"+ t,
Total Holding cost (H ) during the interval [t,, t;] and [t5,t,] is derived as follows
He= ol [T adt+ [P q(dt]
=S oot L1ty DIl W) g

p—s

Total Production cost (P.)

P = pJ nap=dt+p [Zup™ (a+ba)dt]
= p'~fua(t, —ty) + i p'fpa { e ) — 1}
Average total cost (ATC)

ATC :ti ( Holding cost + setup cost +Shortage cost + Production Cost) = g
0 to

_CLa x(tz—t,) Cia C1a 1 bp~E(ty—t3) t0C1a l _ey 2
_[bx{e i _1}+ t, -4 2 p-e — {1 et} +C30 —CyLY +-Coap™"1, " +

%Cz (n—Dap~s(t, — t,)+ p1 fpa(t, —t;) + _Xp1 fpa {ex(t3 t2) — 1}]

Crisp Model ( Model-1)
The proposed model can be stated as

Minimize ATC (t,t, ) = _[ Cia {ext-t2) 1} + Etz - 2%{1 — ebp(tomta))
t,Cia

1 1
+C30 — G5 LY "'502 ap~°t,? "'502 n—-1)

api—tpalt, ~t;) + L pi~opa (Xt — 1] (10)
Fuzzy model (Model 11)
The preparation time is a fuzzy number L which is replaced by an appropriate interval number L= [L;,Lg]and
so .In this case t, isreplaced by
[L;,Lg]+ t" .Then the crisp problem becomes a fuzzy optimization problem. Using interval arithmetic calculations
the problem becomes a multi objective non linear programming problem as follows .
Minimize ATC, , ATCy

Where ATC, = ti[ Hep + Cap + Scp + Pey 1 (11)
0

ATCr = =[Hcr +Csp + Scr + P ] and (12)
0
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using (11)and (12) we get
ATC, = Z( ATC, + ATCg) (13)

V.MATHEMATICAL ANALYSIS

Model -I (Crisp Model)

The Objective function ATC of Model | isa function of t and t, ast, ,t,,t; are dependent variable .

To achieve optimal tand t,. The partial derivatives of the average total cost ATC with respectto t* andt, are set
to zero the resulting equation can be solved simultaneously to obtain the optimal t* and t,,.

DATC 1 9TC
it t, ot
4 ’
1| ~Cia_ X[t_O_%l_tTl] _Ciap Cya_bp~ s{_to (L+tl)} pl- sua_ pl~fna o|to _ Ll_tTl .
to[b(“ 1)e P +b(u 1) b D ¢ p-1 p—1 etn #mt v + coap™*(L+

t') +c,ap” €(—t +— L)]

=0
JATC 1 0TC 1
=12 L1

dtg tg Oty
t’ _e(n—1 ' _ tg Lt
1 |- L_— — cra(u-1) bp~¥E—t—(L+t o 1-gpa x|0-——
_ [1ax 1a(y )ep{u"( )} 13, piTfua

r

1
n ul nu-1f 4 elun up-1 ul] ——TC
bu bu b n to?

=0 (14)
= %TCATC can be proved as strictly convex since all theprincipal minors of its
9? ATC 19TC?

dtg

Hessian matrix are strictly positive.

Tty ot
__L __t _ |t Y , 1-¢ _ Lt -
aTC Caax ex[u pu—1 u—l] +Clap Sebp { 18 to (L+t)}+ wex[u pu—1 u—l] + Czap—s + Czi
b(u—1)2 (n—1)2 p-1
(15)
9%ATC _ 1 dTC? 2 9TC 2 1 9TC?
— == - =—+ =5 TC =-——3
aty ty Ot? to? atg to to dty
Using(15),where
2 __L __t _1)2 —g(ho1 1-¢ __L b
L [ Pt e S R G N T e et
dty? bu? b p2 u2
(16)
and
92ATC , 92ATC {62ATC}2 _ 1 fo’1c  a%rc {62TC }2
at'? atg? atg,at’ to? (ot aty? atg,at’
Using (15) and (16)
_ cpap~§) , 92ATC
c,ap &+ —} * >0
{ 28p p—1 6t02

Hence, the solution of Model-I is global minimum of ATC.
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Model Il (Fuzzy Model)
The objective Function ATC; and ATCy are functions of t' andt, as t,,t,,t; are dependent variable as of
Model —I it can be seen that ATC, and ATCy are strictly convex.
The above problem is a strictly convex multi-objective minimization problem and hence possesses global Pareto-
optimal solutions. Hence, the problem is solved by Global Criteria Method.

Global Criteria Method.
The Multi-Objective Non-linear Programming (MONLP) problems are solved by Global Criteria Method converting
it to a single objective optimization problem. The solution procedure is as follows.
Step -1 :Solve the multi-objective programming problem as a single .objective problem using only one objective at
a time ignoring.
Step -2 :From the above result, formulate a pay-offmatrix as follows

( ATC,™™  ATCy ma")
ATC ™3 ATC, ™in _ _
Step -3. From the pay off matrix of step 2 determine the ideal objective vector say (ATC.™", ATCx ™") and the
corresponding value of ~ (ATC_.™#* ATCg ™)
Here the ideal objective vector is used as a reference point .The problem is then to solve the following auxillary

problem .
1

ATC(t to)- ATCMIM\P + (ATCr( to)— ATCRMIN\ PP
ATCM3X_ ATC Min ATCR™3¥_ ATCR™IN

GC = minimize {(
(17)
Where 1< p < oo and GC is known as Global Criteria.

VI.NUMERICAL ILLUSTRATIONS

Crisp Model (Model)

The equation (10) is nonlinear int’ and t, and difficult to obtain the optimal values of t" and t, by
calculus method . Hence we minimize(10) gradient based nonlinear optimization method using the optimal
values of ast, ,t,, t; ,Q,, Qy and minimum average total cost are be obtained.

To illustrate the proposed inventory model following input data are considered.

L=06 ,nu=18,a=300,b=2,e=07,y=05,C,=15,p=25,C;,=2000,C;; =300,C, =15 t' =
0.6001609 ,t, = 6.939239 is appropriate value. Solving the Model —Ifollowing optimal values are obtained

ATC :% (Holding Cost + Setup Cost + Shortage Cost +Production Cost )::—:

Tofind t, ,t,,15

t;, =L+t'=0.6+0.6001609=1.2001609

t, = ﬁtl = 1.3501810

t, = tf+ t,=5.0552937
TC :i[ﬂ{ex(tg—m —1) + L, - %%{1 bt
=
t,C,a

1 1 1
+C30 —C5yLY + 5C2 ap~°t,? + 5C2 (n— 1)ap'*pa(t, — t,) + ;pl‘sua{ ex(ta=t2) — 1}

TC =9412.036817
ATC =1356.35
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Tofind Qg ,Qn
0, = {—ap‘gt ifo<st<t,
ST l-(u-Dap~(t,—t) ift, <t<t,
:{ 37.827 if 0<t<12
38.827 if12<t<135
a
[ Sleew-1} i stst
=<a —e .
Qnm {B{ebp (to=ts) — 1} ift; <t<t,
129.626 ifl2 <t<135
=172.84892 if135<t<6.9
= 72.84892

The optimal values are obtained by ATC =1356.35, Q, = 37.82707,Q,,, = 72.84892 .

Fuzzy Model (Model 11)
To illustrate the proposed inventory Model Il following input data are considered.
L,=05 ,Lgy=08,p=18,a=300,b=2,e=0.7,y=05,C; =15,
P =25,C;, = 2000, C5, = 300,C, =15 in appropriate units.
For the above input data formulate a pay off matrix as follows
ATC.ATCy
( 1364.005 1753.147)
) ) o 138550 1722588 )
Solving the model —I1 using global criteria method following optimal values are obtained
ATC, = %( ATC, + ATCy)
Where ATCy = =[Hc; + Cap +Sc, + Pet ]
0
1 _ 1 —E(t._
o P00 Y 4, = 1o o),
=[225[5.948921{0.8641776 + 1.3501810} —225[4.7591399 — 3160.108]]
= 3946.54
CsL =C30 — C54L7Y
= 2000 -300( 0.57%5)
=3072.39

ScL= %Cz ap~°t,* + %Cz (- Dap~s(t, —t,)?
=340.4889 +28.37044
= 368.8593

P = plepalt, —t;) + i p'~Fua{ ex(ts—t2) — 1}

= 25°3(1.8)(300)(0.150021)+ 16810977 (25°3(1.8)(300))
' {eo.1680977 (5.05529-1.3501) __ 1}

=212.7785 + 7291.495
=7504.2735

ATC, = X [He, +Cqp +Sen + Per ] =1008.61
to
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Similarly we can find for ATCy =1730.23,GC =0.3543743
ATC, = (ATC, + ATCg)
= 2(1008.61 + 1730.23)

ATC.= 1369.40
Hence the solution of Model —I1 using global criteria method following optimal values are obtained
ATC;=1008.61, ATCr=1730.23, ATC. =1369.40, GC =0.3543743

VII .SENSITIVITY ANALYSIS
Sensitivity analysis of the decision variablet’ andt, for model —I have been made when each of the
parameters a ,u, p, L being changed from -50% to +50% the relative change of ATC.",Q,",Q,," are also taken in

to account and presented below.

Table7.1 Sensitivity analysis of parameter a,p,L, p

Parameter

%change

% of ATC*

t to” Qs Qm
-50 -42.09005 1.051922 9.5283 26.03292 54.05133
A -20 -16.43247 0.72755 7.69309 33.47436 66.22929
+20 +16.07881 0.506768 6.37338 41.86019 78.68090
+50 +39.71182 0.404090 5.73726 47.47090 86.34708
38 No Solution - - - -
M +20 -4.761578 0.4635499 | 8.362338 33.52132 55.21444
50 +2.550066 0.6733307 | 6.306766 40.13326 83.86810
+4.740787 0.7361900 | 5.817491 42.11448 94.57485
-50 +0.7166992 0.9207250 | 7.061990 38.47522 74.44632
L -20 +0.2596661 0.7276148 | 6.983796 38.06201 73.42793
+20 -0.2364422 0.4733806 | 6.898645 37.61337 72.32223
+50 -0.5588499 0.2841310 | 6.843172 37.32184 71.60373
50 2.621729 02851214 | 5.590982 45.31972 108.9680
5 -20 -1.285355 0.4873798 | 40.06651 40.06651 83.00596
+20 +1.360556 0.7014259 | 36.10404 36.10404 65.42835
+50 +3.408616 0.8376034 | 34.11446 34.11446 57.30315

From above table it is seen that ATC changes rapidly with the rapid change of the parameter a ,but these change are too
slow in case of parameter p and p.Again ATC increases in preparation time L respectively but this change is slow
Which agrees with the real phenomenon.
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Figure (7.1) Graph of ATC versus b

Figure (7.1) shows the ATC versus b graph. From this graph it is revealed that initially ATC decreases rapidly with
the increases in b and after some time it begins to increase slowly.Here it is interesting to note the effect of shape
parameter b of the demand function on ATC.

VIIl. CONCLUSIONS

The paper proposes a solution procedure for production inventory model with production cost and on hand inventory
dependent demand rate and preparation time. Here, shortages are allowed and backlogged fully. Like lead time, time
when the decision is taken for the preparation of next production run i.e. preparation time has been considered for a
production inventory model. In real life, setup cost decreases with the increase of preparation time. This consideration
is taken into account in Model-I. In Model-11, preparation time is taken as imprecise via a fuzzy number. The fuzzy
number is de cribed by linear/no Fuzzy nu e is then zzy-stochastic environment cost and inventory costs thro n. [4] E. A.
Silver and R. Peterson, “Decision System for Inrysn-linear type membership function. mber describing preparation tim
approximated to an interval number. Following this, the problem is converted into multi-objective inventory problem
where the objective functions are represented by centre and right limit of interval function which are to be minimized.
To obtain the solution of the multi-objective inventory problem, Global Criteria Method has been used. The proposed
demand has a broad area of applicability. Demand of a commodity decreases with the increase in production cost but
increases with the increase of stock of the displayed commodity and vice versa. Here, though the formulation of the
model and the solution procedure are quite general, the model is a simple production model with demand dependent
production rate. The unit production cost which is assumed here to be constant, in reality, varies with the preparation
time and produced quantity. Moreover, time dependent production rate, partially lost sales, inflation, etc., can be
incorporated to the model to make it more realistic. Here, demand is stockdependent. The present analysis can be
repeated for the dynamic demand also. Though the problem has been presented in crisp and fuzzy environment, it can
also be formulated and solved in representing production probability distribution.
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